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Abstract 



We study the quantum conserved charges and S-matrices of N=2 supersym- 
metric sine-Gordon theory in the framework of perturbation theory formulated 
in N=2 superspace. The quantum affine algebras sl q (2) and super topologi- 
cal charges play important roles in determining the N=2 soliton structure and 
S-matrices of soliton- (anti)soliton as well as soliton-breather scattering. 
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1. Introduction 



Recently there has been increasing interest in massive integrable field theories 
in two dimensions which can be regarded as perturbed systems of conformal field 
theories. Following the idea originally due to Zamolodchikov [1], we apply a certain 
perturbation term A / §d 2 w where A is the coupling constant, upon the action of the 
conformal field theory as follows: 



In this perturbed system the conformal invariance no longer holds, but the theory 
is still solvable as a massive theory, because of the existence of infinitely many conser- 
vation laws. The soliton theories like KdV, modified KdV and sine-Gordon theories 
belong to such a class of solvable models. They possess factorizable S-matrices due to 
an infinite number of conservartion laws. Although these soliton theories are related 
with each other, here we shall focus our attention on the sine-Gordon theory. 

Let us now recapitulate what have been known so far about sine-Gordon theory as 
a perturbed conformal field theory. First of all, we consider the bosonic (N=0) sine- 
Gordon theory. It has been realized that the conformal minimal model perturbed by 
$(1,3) operator leads to the integrable restriction of sine-Gordon theory [2-6]. In the 
Feigin-Fuchs representation, the $(1,3) operator is given by e~ % ^ with |/5 2 = ^-j- for 
the central charge of the minimal unitary series : c = 1 — m ^ +1 ^ , where m — 3, 4, • • •. 
Together with the screening operator e 1 ^ the $(1,3) forms the cos (3(f) interaction term 
of sine- Gordon theory. 

Some time ago Sasaki and Yamanaka [7] studied the higher-spin conserved charges 
which are polynomials in Virasoro operators at the classical levels as well as at quan- 
tum levels. Eguchi and Yang derived the conserved charges based on the perturbation 
theory a la Zamolodchikov. It was also realized by LeClair, Smirnov and Eguchi- Yang 
that the the Hilbert space is truncated for the rational values of the coupling constant 
[2-6]. It has turned out that quantum group symmetry [8,9] plays an important role 
for the truncation. 

Now it should be interesting to see whether incorporation of supersymmetry will 
affect the solvability of sine-Gordon theory. The N=l supersymmetric version of 
sine-Gordon theory can also be regarded as the N=l superconformal minimal model 




(1.1) 



1 



perturbed by $(1,3) operator. The conservation laws and S-matrices are discussed by 
Sasaki- Yamanaka [7], Mathieu [11], Ahn-Bernard-LeClair [12] and Schoutens [13]. 

Now the question is the following : What about the N=2 supersymmetric exten- 
sion of sine-Gordon theory? As we will see, there exist somewhat different features 
for N=2 case in contrast to N=0 and 1 cases. 

The classical equation of motion for the N=2 sine-Gordon theory is given by the 
coupled equations [14]: 

D + D +( j) + = gsinf3<p- 

(1.2) 

J D_ J D_0- = 5 sin/30 + 

where <f> + and 0~ are the chiral and anti-chiral superfields of N=2 supersymmtric 
theory. Z = (z,9 + ,9~) and Z = (z ) 9 + ,9) are holomorphic and anti-holomorphic 
parts of the N=2 supercoordinates, respectively. The chiral and anti-chiral superfields 
satisfy the constraints D_(j) + = D_(j) + = and -D+0~ = D + 4>~ = 0, where the N=2 
supercovariant derivatives are defined as D± = d/d9 ± + ^9 Zf d z and similar expressions 
for D + and D-. The chiral and anti-chiral superfields are composed of a complex 
boson Lp ± and a complex fermion ip ± , ^ and the auxiliary field F ± as: 

0± = ^± + 0±^,=f + £±^=f + e ± e ± F ± (1.3) 

In terms of the component fields the equations of motion read 
d z dz^p + = —g 2 sin ip + cos ip~ — g 2 ip + %l) + sin ip~ 
dzijj~ = gv/j + cos ip~~ (1.4) 
d z ip~ = — gip + cos tp~ 

where we set (5 — 1 for simplicity. In the basis of real components ^ = ^(vi ±^2) 
one of the bosonic parts of the equations of motion, for <pi, in the limit of vanishing 
fermion fields becomes a sine-Gordon equation and the other one, for ip 2 , becomes a 
hyperbolic sine-Gordon (sinh-Gordon) equation. 

The conservation laws were studied at the classical level [14,15], and some lower- 
spin conserved charges were explicitly constructed as polynomials in super- Virasoro 
generator(super energy-momentum tensor) in Feigin-Fuchs-Miura form. 

More systematic method to investigate classical conservation laws is provided by 
Lie superalgebraic approach. Recenlty Inami and Kanno studied the N=2 super 
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KdV and sine-Gordon theories in this framework [16]. They have shown that the 
N=2 supersymmetric sine-Gordon corresponds to the A{\, 1)W Lie superalgebra. 

Now what about the conservation laws at the quantum level? Does the factoriza- 
tion of S-matrix into bosonic and supersymmetric parts [17,12,13] also hold in N=2 
case ? For this purpose we shall base our argument on the perturbation theory. In this 
article, we shall also present the argument on exactness of first order perturbation. 

In the next section, we discuss conservation laws in the framework of N=2 per- 
turbation theory based on the superspace formalism. In section 3, we present the 
quantum conserved charges which generate the quantum group symmetry denoted as 
sl q (2). In section 4, we study the super topological charges of N=2 supersymmetry 
and their relation with the topological charge which belongs to the quantum group 
algebras. This analysis is important for determining the N=2 soliton structure. We 
present the S-matrices for soliton- (anti) soliton as well as soliton-breather scattering 
in N=2 sine-Gordon theory in section 5. The final section is devoted to conclusion 
and future problems. 



2. N=2 Perturbation Theory and Conservation Laws 



The action which leads to the classical equations of motion for the N=2 sine- 
Gordon theory is constructed by adding a chiral perturbation to the N=2 free action 

S free 

S = S free -\J d 2 z$(z,z) , 

$>(z,z) = J d 2 6 + (e l ^ + + e~ w+ ) + J d 2 9-{e^~ + e~ w ~) (2.1) 

= 2(1 d 2 9 + cos f3(f) + + j d 2 6~ cos /3<f>~) 

where + and <p~ are free chiral and anti-chiral superfields satisfying the conditions: 
D + D + (p + = and D-D-(j)~ = 0. Hence they are decomposed into holomorphic and 
anti-holomophic parts as ± = S f± + S ± . 

To the lowest order in perturbation theory, we get 

d- zl A(Z 1: Z x ) = AcU J d 2 z 2 d%A(Z 1 )(e^^ + e -W"(^)) + (- - +)} (2.2) 
Let us suppose that the operator product expansion of a operator A and the chiral 
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perturbation term exp[i(3S (Z 2 )} is given by 



A{Z x )e^ s ~ {Z 2 ) 




x (residue) 



(2.3) 



whereZi2 and 6 12 stand for the invariant distances in N=2 superspace 




(2.4) 



Now if the residue behaves as 



residue ~ D + X + D_X' 



(2.5) 



for some operators X and X', then the following charge 



Q = f dzd6 + d6-A(Z) 



(2.6) 



turns out to be a conserved charge, provided that (2.6) is invariant under the inter- 
changes: (i)+ <-> — and (ii)/3 <-> —(3. 

Now we can classify conserved charges at the quantum level into two categories. 
The first category includes regularized Virasoro polynomials which form an infinite 
set of higher-spin conserved charges that assure the integrability of the theory. The 
second one contains extra non-local conserved charges which do not have classical 
analogues in contrast to the first category and lead to the quantum group symmetry 
as will be discussed in the later section. 

In ref.[14,15], we have presented some lower-spin conserved polynomial charges in 
terms of the super stress tensor in Feigin-Fuchs-Miura form: 



which consists of the N=2 superconformal generators: the U(l) charge, the supercur- 
rents and the energy- momentum tensor (Virasoro generator). In the above equation 
we choose a = 1/(3 so that the vertex operator e l/3S± should have the conformal 



the Virasoro polynomials depend upon "central charge "given by c = 3(1 — 2//? 2 ). 

Here one important observation is in order. Although we applied the N=2 super- 
conformal field theory (SCFT) technique, our N=2 sine-Gordon theory should not 
be regarded as a perturbed N=2 SCFT minimal models, in contrast to the N=0 and 



T =: D + S + D_S- : -ia{dS + - dS~) 



(2.7) 



weight \ 



\ as the chiral screening operators. Then it turns out that the coefficients of 
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N=l cases. This is because, if so, a part of the chiral perturbation term e~ l(iS would 
possess a negative conformal weight —1/2 which, of course, cannot be accepted. We 
should rather interpret the present N=2 sine-Gordon theory as a super-renormalizable 
theory with zero background charge, for which the coupling constant A has a mass 
dimension. 



3. Quantum Conserved Charges 



As we have mentioned, the quantum theory has extra non-local charges of the 
vertex operator type in addition to the polynomial charges. The vertex type charges 
have no classical analogues. In our N=2 sine-Gordon we found the following extra 
quantum charges: 

Q±(/3) = jdzd9 + de- : e ±i ^ s+ + s -) := jdz^z) (3.1) 
which can be seen to satisfy the condition (2.5). As for Q~ , for example, we find 



(3.2) 



: exp[--^(S + + 5-)](Z0 :: exp(i/3S-)(Z 2 ) : 

In eq.(3.1) the non-local conserved currents ^(z) are found to be 

JHz) = (±^^ + j 2 rr)e^ (3.3) 
and similarly we have the anti-holomorphic non-local currents 

= fr^^fc + j^r)^ 1 (3-4) 

Under the perturbation term A / d 2 w$(w,w) where 

$(w,w)= ]T <S> {ab \w)¥ ab \w) (3.5) 

a,b=+,- 

with 

$(+±)(u,) = ±i(3^ + {w)e ±i ^~{w) , $ ( - ±} (w) = ±iW(w)e ±i(3<p+ (w) 
$(+±)(w) = ±i(3*fj + {w)e ±l/3 ^{w) , $ ( " ±} (w) = ±i(3^-{w)e ±i ^ + {w) 



(3.6) 
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they satisfy the following conservation laws 

dgJ* = d z H± , d z J± = dgH* (3.7) 

where 



if± = \ Y,h ±{ah \z)¥ ah \z) 

ab 

H ± = A^$( a6 )(^)^ ±(ab) (^) 



(3.f 



ab 

together with the operator product expansion 



J ± (^)$ (a6) (w;) —d w h ±{ab \w) 



z — w 



J±(z)& ab \w) — cU ±(ab) (^) 

z — w 

and the non- vanishing h ±( > ab \wys are found to be 

h + ^-\w) = —^ ± (w)e i{ f-^ )ipiT ^ lp2 (w) 

ft 

fc-<±+>( w ) = ^(w^f-^^iw) 



(3.9) 



(3.10) 



and we also have similar expressions for h ±( - ab \w)'s. From the conservation laws (3.7) 
we redefine conserved charges as 

Q± = f dzJ* + f dzH ± 

(3.11) 

Q± = j dzJ* + J dzE ± 



It turns out that these quantum conserved charges generate the q-deformation of sl(2) 
affine Kac-Moody algebra denoted as sl q (2) which has been discussed by Bernard and 
LeClair [10] for the N=0 sine-Gordon case. 

For the commutation relation between Q + and Q_, for example, we find by using 
the perturbation theory 

Q+Q- - q~ 2 Q-Q+ = \Jdxd x K (3.12) 
where the quantum group deformation parameter q is given by 

q = -e~ inh , 7 = /5 2 (3.13) 
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and the I/7 is equal to the spin of the conserved charges Q±. Let us note that the 7 
and P are related with each other for N=0 and N=l cases as 

7 = ^ (N = 0) , 7 = ^ (N = l) (3.14) 
The quantity K on the right-hand side of (3.12) is found to be 



(3.15) 



where we have bosonized the fermions as ip^ 1 = e ±l<Pz and ^ = e ±l ^ 3 in order to avoid 
the subtlety of the Grassmann variables. In eq.(3.15) we denote <f>i(x, t) = if i (z)+<f i (z) 
for i=l,2 and 3. 

4. Topological Charges and Quantum Group Symmetry 

In this section, we shall show that the quantum conserved charges we found in 
the previous section and the topological charge we now discuss generate a quantum 
group symmetry. 

First we note that the action (2.1) is invariant under the following shifts of the 
fields (m being an integer): 

1) 0i - 0i + ^f^ 1 , 02, 3 : fixed, 

2) 0i ^ 0i + ( 2m+ ^ , 2 : fixed, 03^03 + vr (mod 2vr). 

Then we find that there exists a topological current for our N=2 case : 

T»(x,t) = ^d u {V2M*,t)} (4.1) 

where e^ u is the Levi-Civita symbol in two dimensions. 
Therefore we can define the toplogical charge as 

r+00 _ p 



T 



T°rfx = ^ v / 2{0i(a; = +oo)-0i(a; = -cx))} (4.2) 
-00 2ir 
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The right-hand side of (3.12) turns out to be 
A j^dxd x K 



(4.3) 

2A/(-/3 2 )[l - e *(-?r-&)*i(*=-°°) cos^x = -oo)] 

where we have taken the soliton configurations <f>i(x = +00) = 3 (x = +00) = 
which derives from the translational invariance, and (f> 2 {x = +00) = (j) 2 (x = —00) = 
because the hyperbolic sine-Gordon component damps at ±00. Therefore, the 
topological charge is determined by <f>i(x = —00) as 

T = -^ v / 20i(^ = -oo) (4.4) 

Hence we have the following boundary conditions in accordance with the invariance 
of the action: 

i) T is an odd integer, <p 3 (x = —00) = n (mod 2ti) and 

ii) T is an even integer, (p 3 (x = —00) = (mod 2%). 
Therefore we find the quantum commutation relation as follows 

Q±Q± - q 2 Q±Q± = 

Q±Qt ~ Q' 2 QtQ± = a(l - q ±2T ) (4.5) 
[T,Q±] = ±2Q ± , [T,Q±]=±2Q± 

where we have defined a constant a = 2\j {—(3 2 ). From this commutation relation we 
can easily see that the extra charges generate the quantum affine algebra sl q {2) with 
vanishing center, which has been discussed by Bernard and LeClair [10]. 

In the above derivation of (4.5), we have computed the algebras of the non-local 
quantum conserved charges to the first order in perturbation theory. Here one should 
note that the first order correction is the only possible correction for general values 
of (3 and hence the above result is actually exact. This statement was not explicitly 
shown in the previous articles [14,15,22]. This can be shown by writing down all the 
possible perturbation terms and considering their scale dimensions as well as their 
symmetry. The proof goes as follows. Let us take the case of dzJ ± , for illustration. 
We find that the left(holomorphic) and right (anti-holomorphic) conformal dimensions 
of dzJ^ is given by (1 + 1). Then the possible \ n (n-th order) term should have 
the form 
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with k <9 2 's and k! <9 2 's being multiplied in front. In the above equation ip {$) denotes 
either ip + ijp + ) or ip~ (V>~). Terms without fermion fields would not lead to conserved 
charges that are invariant under supersymmetry transformations. By noting that the 
scale dimension of A is (|, |), we have the following equations 

\ + Imp 2 + ^ + l + m + ^ + k = l + ^ 

2 P P (4.7) 

1 + l m ^ + 1 l + k > = i 

From the above equations we get Im — k' — and n — 1. Therefore only the first 
order term is allowed from the dimensional counting. This means that the lowest 
order term gives in fact the exact result. This kind of argument also applies to more 
complicated cases like (4.5). 

We now consider the topological charges of N=2 supersymmetry which are differ- 
ent from the ordinary sine-Gordon topological charge given in (4.2). The supercharges 
are holomorphic without the perturbation. But now we should consider the effect of 
the perturbation terms. In the same methods as the bosonic topological charge, it is 
easily checked that the superalgebra has the topological modification [18]. 

The holomorphic and anti-holomorphic supercurrents are written in terms of com- 
ponents; 

G ± (z)=ij ± (z)d zV ± (z) 

(4.8) 

G ± (z)=^(z)d- Z ^(z) 

which obey the conservation laws in perturbation theory as in the extra non-local 
currents: 

d s G± = d t F* , 8^=0-^ (4.9) 

where 

F ± = \J2f ±(ab) (z)¥ ah \z) 

ab 

(4.10) 

F ± = A^$ (a6) (^)/ ±(ab) (^) 

ab 

with / ± ( ab )(2;)'s and f ±( - ab \z)'s being defined through the operator product expansion: 



G ± (z)& ab \w) l —d w f ±{ah \w) 



z — w 

(4.11) 

G ± (zW ab \w) dvf^Xw) 

z — w 
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Now we define the supercharges as follows 

Q ± = J dzG ± + J dzF± , Q ± = J dzG± + J dzF ± (4.12) 

and non- vanishing f^^'s and /^(^'s are given by 

/+(-±) = _ e ±^ + ; /~ (+±) = - e ±if3lp ~ 

(4.13) 

/+(+±) = _ e ±W ; / _(_±) = - e ±il3l?+ 
Perturbation theory leads to the following anti-commutation relation 

{Q ± ,Q T } = \ J dxd x K^ (4.14) 

where 



^±t = f ±{ * ah \z)f T{ab \z) = e^iv +^ ) + e -iP{f ± +'f ± ) 

ab 

= J e i ^(^i( x '*) ±i ^2(x,t)) _|_ e -i^(<^i(x,t)±i<fe(x,t))j 



(4.15) 



while we get 

{Q ± ,Q ± } = (4.16) 
With the same soliton configuration as discussed before we obtain 

{Q±, Q T } = A [2 - (e^^(-°°) + e -^^(-°°))] = T (4.17) 

Hence we note that the super topological charge T is determined by the topological 
charge T as 

T = 2A(1 - (-l) r ) (4.18) 

Therefore, when T is an odd integer we get T = 4A, on the other hand, if T is an even 
integer we have T' — 0. Since the soliton and the anti-soliton possess the topological 
charge T = ±1, they must have non- zero super topological charge T' — AX. We will 
see the physical consequence of this fact in the next section. 

In terms of the real basis Qi and Q 2 satisfying 

{Qi, 2 ,Qi, 2 } = 2T li2 (4.19) 

Q ± and are given by 

Q k = j-(Q 1 ±iQ 2 ) , Q± = -y 2 (Q lTi Q 2 ) (4.20) 
and therefore we have T = Ti — T 2 = 2Ti = — 2T 2 . 
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5. Soliton Structure and S-matrix of N=2 Sine-Gordon Theory 



In the present section, we examine the N=2 soliton structure and construct the 
S-matrices of the N=2 sine-Gordon theory. 

We first study the realization of N=2 supersymmetry. Let us first consider the re- 
alization of N=l supersymmetry as discussed by Zamolodchikov [19]. The tri-critical 
Ising model possesses N=l supersymmetry and is described by 6 potential in the 
Landau- Ginzburg picture. The suitably perturbed model which is still solvable and 
has N=l supersymmetry is represented as the deformed 6 potential which has three 
minima. We denote these minima by numbers, -1, 0, 1. The fandamental particles 
correspond to the soliton or kink states which are classical configurations going from 
one minimum to another. We denote a kink state connecting the degenerate vacua 
a and b (a,b — 0, ±1, \a — b\ = 1) by \K a i } (9)) where 9 represents the rapidity of the 
state. Therefore we have four solitons which we denote by |i^io), \K-iq), \Kqi) and 
\Kq_i). We now introduce supercharges denoted as Q and Q. The supercharge Q 
acts on this kink state as 

Q\K ab (9)) = i(a + ib)e 6 l 2 K_ ab (6) (5.1) 

where a 2 + b 2 = 1, and we have similar expression for Q by replacing i(a + ib) with 
—i(a — ib). We easily see that the superalgebra is realized as: 

Q 2 = e e = P, Q 2 = e - e = P, {Q,Q} = 2T (5.2) 

where we have taken the mass to unity and T is the super-topological charge. Any 
multi-particle state can be given by 

{K^K^K^)---) (5.3) 

The supersymmetry is realized on the multi-particle state as 

Q\Ka 1 a 2 (9l)Ka 2 a 3 (92) ' ' ' K aN _ iaN (9 N -l)) = 

n (5.4) 

^( a i ~l~ ^°i+l) e 1 \K-a1-a2 ' ' ' K-a i - 1 -a i K-a i a i+ iKa i+ ia i+ 2 ' ' ' K aN _ iaN ) 

i=l 

Now we proceed to the N=2 supersymmetry which can be realized as a tensor 
product of two tri-critical Ising soliton states. The fundamental particles are written 
in the form: 

\Kab,cd) = \K ah K cd ) (5.5) 
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In N=2 case, we have supercharges Qi and Q 2 and conjugated ones. We assume that 
the first supercharge operates on the first factor of the right hand side of the equation 
just as tri-critical Ising model. But when the second supercharge operates on the 
second factor, we require that the sign of the components of the first factor should 
always change. For example, the supercharge acts on the one-particle states: 

Qi\K ab<cd ) = i(a + ib)e e/2 \K_ ab>cd ), \Q 1 K abtCd ) = -i(a - ib)e~ e,2 \K_ abtCd ) , 

Q2\K abtCd ) = i(c + id)e e/2 \K_ a _ b ^ cd ), \Q 2 K abjCd ) = -i(c - id)e' e,2 \K^ a ^ cd ) 

(5.6) 

Therefore the supercharges satisfy 

Qi = Q 2 = e = Pi Qi = Q2 = e = Pi 

(5.7) 

{Qi,2, Qi,2} = 2T li2 , Tx = -(a 2 - b 2 ), T 2 = -(c 2 - d 2 ) 

and they, otherwise, anticommute with each other. The reason why we demand that 
the sign in the first factor change when we operate the second charge is to assure the 
anticommutativity of Qi and Q 2 . 

Now the bosonic and fermionic N=l tri-critical Ising soliton states and their anti- 
particle states are constructed as [12,13,20]: 

\B) 
\B) 

As we mentioned, our quantum conserved charges are integrals of the highest 
component of their supermultiplet by construction. Therefore they commute with 
the supercharges. This means that we have two commuting symmetries, i.e. N=2 
supersymmetry and quantum affine algebra sl q (2). Hence the S-matrix can be written 
as a product of "minimal supersymmetric S-matrix "and the ordinary sine-Gordon 
S-matrix as in the N=l case discussed by Ahn et al. [12,20] and by Schoutens [13]. 

Sn2SG ~ Smn2 x Ssg (5.9) 

where Sn 2 sg, Smn2 and Ssg represent the S-matrices of N=2 supersymmetric sine- 
Gordon, of the minimal N=2 supersymmetric model, and of ordinary bosonic sine- 
Gordon [21], respectively. We expect the "minimal supersymmetric S-matrix "is 
that of the coset model SU{2) 2 x SU(2) 2 / SU{2) i which is the perturbed c=l model 

12 



±=(\K_ W ) + \K W )) , |F> = ^p£\K- W ) - \K W )) 



V2' 



= 4=(|tfo-i> + |tfoi» , \F) = ^=(\K ^) - \K 01 )) 



(5.8) 



discussed in [12,20]. Alternatively, it may be realized at a special value of the coupling 
constant, (3 = of the bosonic sine-Gordon theory which corresponds to c=l N=2 
super CFT [15]. 

The fundamental particles of our model can be represented as the product of 
RSOS solitons of the coset model and kinks of the sine-Gordon part. We can show 
that they acctually form the super multiplets, though we need suitable truncation to 
obtain the minimal number of particles. 

Fundamental particles that form supermultiplets are 

\BB), \BF), \FB), \BB), \BF), |FF), |FF) (5.10) 

and their conjugates. So we have sixteen fundamental particles. But some consid- 
eration about topological charges leads to reduction of the number of fundamental 
particles. Because of the form of the potential without fermions, we expect kink and 
anti-kink solutions as in the case of bosonic and N=l supersymmetric cases. And 
the topological charges are discussed in [12,13] and in the beginning of this paper. 
Since kink and anti-kink solutions have odd topological charge, their super topological 
charges should be non-zero. This restricts \XY) in eq.(5.10) to one of 

|FF), |FF), |FF), |FF) (5.11) 

which possess T\ = —T 2 = — 1 and hence T = —2 and their conjugates with T\ = 
— T 2 = 1 and T = 2. For remaining states the super-topological charges vanish. In 
fact, particles of (5.11) and their conjugates form a closed set, i.e. we can restrict on- 
shell states to the set and other states cannot appear in the final state. Of course, this 
is another expression of the conservation laws of super topological charges. Therefore 
we have four supermultiplets; those of 

I^FF), I^FF) (5.12) 

where we have denoted kink and anti-kink states of ordinary sine-Gordon theory by 
A+ and A~ [21]. 

Now we parametrize the S-matrices for tri-critical Ising solitons scattering : 
K^) + K bc {6 2 ) - K ad {B 2 ) + K^e,) as 

\K ah (6 l )K hc (02)) tn = J2 S bc(0i2)\K ad (e 2 )K dc (e 1 )) out (5.13) 

d 
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where a,b,c,d = 0, ±1, and Q\ 2 = 61 — 62 is the rapidity difference. Assuming the 
commutativity of the supercharges and S-matrix, Zamolodchikov derived the S-matrix 
[19]. 

The S-matrix can be parametrized as 

\K 0a (6 1 )K a0 (6 2 )) m = A (6 l2 )\K 0a (6 2 )K a0 (6 l )) out + A 1 (e 12 )|Xo_ a (^)X_ a0 (^)) oui 
\K a0 (6 1 )K 0a (6 2 ))in = B (6 12 )\K a0 (6 2 )K 0a (6 1 )) out 

\K a0 (d 1 )K ^ a (6 2 )) m = B 1 (e 12 )\K a0 (e 2 )K _ a (e 1 )) out 



where 

A (6) = e Cd cosh(^)S(0), A 1 (6) = -ie Cd sinh(^)S(0) 

B (6) = V2e- C9 cosh(^^)S(6), B^O) = V2e' ce cosh(^^)S(6) 
with 

C = -^log2 

2m 

s(e) = — n T(k ~ 9/2m)T (- 1/2 + k + 9/2m) 



(5.14) 



(5.15) 



(5.16) 



r(l/2 + k — 9/2iri)T(k + 6/2m) 



As for the bosonic sine-Gordon theory, the S-matrix is well known [21]. For kink 
A + and anti-kink A~ we have 

SsGab;cd — 7 - S a b;cd (5-17) 
ITT 

where a, b, c, d — ± and SsGab-,cd is the scattering amplitude for the process: A a +A b — > 
A c + A d and [/ (0) is given as 

, m = r( I )r(1 + 4 V(i - i -ii) ft 



v 7 7 7 7 „=i Rn{0)R n {iTr) 

R n {9) - - ^ ' " - " 



(5.18) 



2n+l _|_ if )r(l + 2 "~! -)- — ^ 



with 7 being given by eq.(3.13). Non-vanishing Seed's are 

5++;++ = = sinh[-(i7r - 0)] 

7 

7T 

S' + _ ;+ _ = S-+.-+ = sinh — , S+-.-+ = S7 +;+ _ = i sin — 

14 



(5.19) 



Here we note that the S a b- C d is the well-known solution of Yang-Baxter equation for 
the six-vertex model. 

Now we present explict results for minimal N=2 supersymmetric parts of S- 
matrices. First we write down the in-states of tri-critical Ising soliton and anti-soliton 
scattering in terms of the out-states. This can be provided by the matrices A and 
B given below. And then, by taking the tensor product of these in-states we can 
construct the S-matrices for soliton-antisoliton scattering for N=2 supersymmety as 
follows 



\XY(9 1 )VW(9 2 )) in = \X(9 1 )V(9 2 )) in \Y(9 1 )W(9 2 )) in 

= E B xV ,x'v<0iMYw,Y>w^i2)\X'r{9 2 )V'W\9 l )) out 

X',Y',V',W 

(5.20) 

where the indices X' (Y') and W (V 7 ) run over B (B) and F (F). In the above 
equation the tri-critical Ising soliton amplitudes A and B are given by 



A 



( A + A + 

A + A + 



V o o 



\ 



A_ A_ 

A_ A_ J 



( B+ B_ 



B = 



\ 

B_ B + 
B + B_ 
V B- B + ) 



(5.21) 



where the rows and columns of A are arranged in the order: BB, FF, BF andFB , 
while those of B are in the order: BB, FF, BF and FB . In (5.21) A±(6) and B±(6) 
are obtained from (5.15) as 



A + {9) = \{A {9) + A^O)) = ie C9 (cosh f - % sinh f )S(9) 
A_{9) = \{Aq{9) - Ai{9)) = |e CT (coshf +i sinh 1)5(0) 
B + (9) = \{B Q {B) + B 1 (9)) = e' ce cosh \S{9) 
B_(9) = \{B Q {9) - B^O)) = -te- ce smh e z S(6) 

For illustration, we consider the scattering of BB and BB as follows: 

\BB{9 1 )BB{9 2 )) in = \B(9 1 )B(9 2 )) in \B(9 1 )B(9 2 )) in 
= B + A + \(BB)(BB)) out + B_A + \{FB){FB)) 0Ut 
+ B + A + \(BF)(BF)) out + B-A + \(FF)(FF)) out 



(5.22) 



(5.23) 
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Hence, for example, we obtain the following result: 

S(BB + BB -> BB + BB) 

= S(BB + BB ^ BF + BF) (5.24) 
= B + A + = |(1 + cosh f - % sinh §)S 2 (#) 

The S-matrices for the processes: XY + VW — > IT' + W are obtained by crossing 
symmetry. The total S-matrices are given as a product of above N=2 supersymmetry 
parts wih the ordinary sine-Gordon S-matrix factors as follows: 

S N 2sg(0) = S MN2 {6) x S SG (x = e e '\ q = - e -™h) (5.25) 

Here we have a comment on the correspondence between the coset and the bosonic 
sine-Gordon theories. As we mentioned before, the N=2 supersymmetry is realized 
for the special value of the coupling constant, (5 — By setting 7 = 2 corresponding 
to the above value of /3 in eqs.(5.17-19)(or setting 7 = 167T in the S-matrix formula 
of ref.[21] where the normalization of 7 differs from ours by a factor 8tt) for ordi- 
nary bosonic sine-Gordon theory, we obtain the scattering matrices for soliton A and 
anti-soliton A (here we use this notation instead of A ± , following Zamolodchikov's 
notation) [21]: 

Wi)^ 2 )> m = S T {6 l2 )\A{6 2 )A{0i))out + ^(£ 12 ) W 2 )^i)U 

\A(9 1 )A(9 2 )) m = S o (9 12 )\A(9 2 )A(0 1 )) out , \A(9 1 )A(9 2 )) m = S (9 12 )\A(9 2 )A(9 1 )) out 

(5.26) 

where St and Sr are transmission and reflection amplitudes for soliton- antisoliton 
scattering and So denotes the amplitude for identical soliton scattering 

S T (9) = -tsmh^S 2 (9) , S (9)=cosh^S 2 (9) , S R (9) = S 2 (9) (5.27) 

What is remakable here is that we can recover these results by expressing the soliton 
states in terms of the coset soliton states as 

\A) = \BB) - \FB) + \BF) + \FF) + \BB) + \FB) - \BF) + \FF) 

= \K Q1 K. 10 ) + \K m K w ) + |tf_ioliro-i) + |^-io^oi) + |^o-i^-io) - |^o-i^io) 
- I^o^o-l) + l^io^oi) 

(5.28) 
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This strongly supports the validity of our calculation for S-matrices of N=2 SG soliton 
scattering. 

Now let us briefly consider the N=2 sine-Gordon breathers which are bound states 
of the N=2 kinks. As in the case of N=2 kinks, the N=2 breathers can be constructed 
from two tri-critical Ising models and bosonic sine-Gordon theory. In the case of N=l 
sine-Gordon theory we have N=l bosonic or fermionic breathers with no topological 
charge denoted by n and ip n which form a supermultiplet of tri-critical Ising model 
as discussed by Ahn [20]. The n-th breathers <p n and ip n possess a mass : m n = 
2m sin(n7T7/2) (7 < 1) where m is the soliton mass and set to unity. In our N=2 
case, the breathers can be represented as 

\B n x n y n ) (5.29) 

where B n is the n-th breather of ordinary sine-Gordon and x n and y n stand for either 
<p n or ip n . Therefore we get the following N=2 breather multiplet: 

|ct>i°°)> EE \B n KK) , I^D = \BnMn) 

(5.30) 

|$i 10 )) EE \B n ll> n ct> n ) , |$i n )) EE \B n ^ n ) 

We now examine how to construct S-matrices for breather-soliton scattering. Let 
us take l^ 00 - 1 ) and \BB) as an initial state. For minimal N=2 supersymmetric part, 
we calculate the product of in-states of \<f> n B) and \<p n B), which are given as 

\4> n B) in = X n (9)2' A ^ 2m (a n \<p n B) out + (3 n \i> n F) out ) 

(5.31) 

\ct> n B) in = X n (^)2 Ae "/ 2 -( 7 „|0 nJ B) out + 5 n \i> n F) out ) 
where A9 n = in — imcy and X n {9) is given by 

X n (9) = -2S(6 + ^A9 n )S(e - ^A9 n ) (5.32) 

with S(9) being given in (5.16) and a n = 7„ = cosh [{29 — in)/ 4], f3 n = ^Jm n and 
8 n = —i^/ m n as obtained by Ahn [20]. Hence we get 

\Mdi)B(9 2 )) m \(f) n (9 1 )B(9 2 )) m = (X n (9)f{a nln \<p n <p n BB) out + (3 n ln\i>n<p n FB) out 

+ a n 5 n \<p n il) n BF) out + (3J n \^n*PnFF) out } 

(5.33) 
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Here, note that the factor 2 A6 W 27 ™ in \(p n B) in is canceled by the factor 2 Al9n//27n in 
\<f> n B)i n . Thus we obtain the following S-matrices. 

S(0„0 n + BB -> n n + BB) = (X n (0)) 2 cosh 2 [(20 - in)/ 4] 

S(0„0 n + BB -> + BB) = (X n (0)) 2 (-V™£) cosh [(26 - in) /A] 

(5.34) 

S(<f) n( f) n + BB — > ^™0„ + BB) = (X„(0)) 2 v ^cosh [(20 - m)/A\ 
S{<t> n <t> n + BB ^ ^ n + FF) = (X n (0)) 2 (-im n ) 

Other S-matrices for breather-soliton as well as breather-breather scattering should 
also be calculated through a similar procedure. 

6. Conclusion 

In this article we have investigated the N=2 sine-Gordon theory in the framework 
of perturbation theory. We obtained the quantum conserved charges which generate 
sl(2) quantum affine Kac-Moody algebra sl q (2). The N=2 supersymmetry commutes 
with this quantum group symmetry. 

Based on this two commuting quantum symmetries, we have constructed S-matrix 
of N=2 sine-Gordon theory as a product of S-matrix for the N=2 minimal supersym- 
metric part and that for the ordinary sine-Gordon part. One interesting point is the 
topological charges of the two symmetries. We derived the relation of the ordinary 
sine-Gordon topological charge and the topological charges of N=2 supersymmetry, 
which was originally discussed by Witten and Olive [18]. It turns out that the re- 
lation between the topological and super-toplogical charges plays an essential role 
when we restrict the fundamental particles from the abstract realization theory. One 
remarkable observation is that we can reproduce the soliton-antisoliton S-matrices 
of ordinary bosonic sine-Gordon theory at a special value of the coupling constant, 
@ = 73' wn ^ cn corresponds to the N=2 SUSY point. 

Now some remarks on further problems are in order. Our model is the simplest 
model and we believe it can be extended to any N=2 supersymmetric models [23-25]. 
In this regards, it would be intriguing to extend the present analysis to the N=2 super- 
symmetric version of Toda field theories [26-31], to see if the quantum group structure 
is described by commuting N=2 supersymmetry and quantum group symmetry sl q (n) 
for n — 3, 4, • • •. Another interesting subject is to investigate the correspondence of 
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N=2 sine-Gordon theory with some Thirring-type fermionic theories. This is moti- 
vated by the well-known correspondence between the N=0 sine-Gordon theory and 
the massive Thirring model [32,33]. We have one more comment on supersymmetry 
(see refs. [13,17,23,24]). We think it becomes clear that S-matrix of N-extended su- 
persymmetric models can be constructed simply by making the N product of that of 
the N=l supersymmetric model (tri-critical Ising model) and some bosonic part, up 
to CDD ambiguity. We are interested in whether there is a model for arbitrary N. 

We thank T. Eguchi, T. Inami, A. LeClair and S. K. Yang for useful discussions. 
One of us (K. K.) would like to thank the members of high-energy theory group 
at Purdue University and the theory group in College of Liberal Arts and Sciences, 
Kyoto University for their kind hospitality. This work was partially supported by 
the Grant-in-Aid for Scientific Research from the Ministry of Education, Science and 
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